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The inhomogeneous Toda lattice: its hierarchy and
Darboux—Backlund transformations
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Piazzale A Moro 2, 00185 Roma, Htaly
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Abstract. In this paper we show how one can construct hierarchies of nonlinear differential
difference equations with r-dependent coefficients. Among these equations we present
explicitly a set of inhomogeneous Toda lattice equations which are associated with a
discrete Schridinger spectral problem whose potentials diverge asymptotically.

Then we derive a new Darboux transformation which allows us to get bounded
solutions for the equations presented before and apply it in a specially simple case when
the solution turns out to be expressed in terms of Hermite polynomials.

1. Introduction

There is an increasing number of problems in the natural sciences which are described
by differential difference equations. They occur naturally in all those physical systems
which are themselves discrete, like lattice systems in condensed matter, statistical
mechanics and molecular physics. Moreover, differential equations for continuous
systems are often reduced to difference or differential difference ones, by discretizing
the underlying spacetime for reasons of technical convenience, i.e. in lattice gauge
theories.

In the field of nonlinear differential difference equations a prototype example is
given by the Toda lattice equation which describe the behaviour of a one-dimensional
lattice consisting of N particles of unit mass interacting with their nearest neighbours

through the potential
p{r)=e"+r

The theory of nonlinear evolution equations on the lattice started from the pioneering
work by Toda [1] in 1967 and developed in a parallel way to that of nenlinear partial
differential equations, however, discrete mathematics is less developed than its
infinitesimal counterpart and thus fewer results have been obtained.

The Toda lattice equation belongs to the hierarchy of equations associated with

the discrete Schrodinger spectral problem
gln=1,6 )+ B(n, t}(n, 1; A)+ A(n, t)(n+1, 1, Ay=Ad(n, t; A). (1.1)

In formula (1.1), A(n, t) and B(n, ) are two real functions of the independent variables
(n, 1), where neZ and reR, A is a complex spectral parameter and (n, t; A), the
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1730 D Levi and O Ragnisco

wavefunction, depends on n and A and parametrically on t. The classical theory of
the Toda equation assumes that

,'f"}.oA("’ r)—l=’l§m B(n, t)=0. (1.2)

In the case of isospectral deformations of the spectral problem (1.1) with the boundary
conditions (1.2) we get the class of nonlinear differential difference equations

A(n)) (A(n)(B(n)—B(n+l)))
=a(ft
(B(n) GO0 A1) A (1.3)
where a (%, t) is an entire function with respect to its first argument and the operator
Z is given by

E,(P(n)) _ (B(n)p(n)+A(n)(q(n+1)+q(n))—A(n)S(n)(B(n+1)—B(nJ))

g(n) p(n-1)+B(n)g(n)+A(n-1)S(n—-1)— A(n)S(n)
{1.4a)
with $(n) such that
S(n+1)=S(n)—%’g_Ll)). {1.4b)}
The simplest equation of the class is obtained by choosing a(%, t) constant: we get
A(n), = A(n)(B(n)—~B(n+1)) (1.5a)
B(n),=A(n—-1)—A(n) (1.5b)

where, with no restrictions, we have set a=1. Making the substitution A(n, t)=
exp(x(n, t}—x(n+1, 1)), x(n, t) being a real function, we get B(n, t) = x ,(n, t) and thus

X,u(n)=eX(n—l)—X(n)__ex(n]-x(n—l) 06

i.e. the Toda lattice equation.

A first generalization of this result has been given by us a few years ago [2]; there
we considered non-isospectral deformations of the spectral problem (1.1) keeping
boundary conditions (1.2). In such a case A is no longer constant, but evolves in time
according to a well-defined law, namely

A,=(A7~4)8(x 1) amn

where 8 is an entire function with respect to its first argument. The corresponding
class of nonlinear differential difference equations reads

AmY A(n)(B(n) - B(n+1))
(B(n)),,‘“(f’”( A(n—1)— A(n) )

#30 gar ans DA An- DA n) O
The simplest equation in the above class is
A (n)=A(m)[B(n)(1-8(2n~1)}-B(n+1)(1-8(2n+3))] (1.9a)
B,(n)=A(n—1)(1-28(n—1))— A(n)(1-28(n+1))+8(B*(n)—4) (1.9b)

for @ =1, 8 constant, which corresponds, through the definition
A(n) =exp[(1-82n - D)x(n)—(1-8(2n+3))x(n+1)]
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to the inhomogeneous Toda lattice equation

Xuln)={(1=28(n-1))exp(l —8(2n=3))x(n—1)—(1 ~8(2n +1))x{(n)
—[1-28(n+1)]exp(1 -62n~1))x(n)-(1—-86(2n+3))x{n+1)
+8(x3(n)—4) (1.10)

which has explicit n-dependent coefficients and corresponds to a velocity-dependent
force. In both cases, (1.6) and (1.10), the solutions are obtained by solving the scattering
transform for the spectral problem (1.1) with the boundary conditions (1.2).

By allowing for more general boundary conditions than (1.2), a further extension
can be carried out which gives rise to new classes of nonlinear differential difference
equations with variable coeflicients. Of course, only certain classes of boundary condi-
tions are admissible and the solution of the spectral problem in this case becomes
generally very involved.,

In the following, in section 2, we shall derive the admissible class of boundary
conditions and in section 3 we provide, via the Darboux transformation, a tool to find
out explicit solutions of the given nonlinear differential difference equations,

2, Construction of n-dependent Toda lattices

Let us start from (1.8), which we rewrite here adding two extra terms, obtained by
taking into account that

(1) (o) @19

2A(n) ﬁ( A(R)[B(n+1)(2n +3)—B(n)(2n—1)])
2( B(n)) B*(n)+2(n+1)A(n)~2(n-1)A(n—1) (2.1b)
where the operator ¥ is given by (1.4):
A(n) _ A(nY(B{(n)—B{n+1)) 0 2A(n)
(B(n)),,_“(g’ ’)( A(n~1)-Aln) )w“)(l)“’(”( B(n) )
A(nYB(n+1)(2n+3)—-B(n)(2n—-1))
t8, t)(Bz(n)—4+2(n+1)A(n)—2(n—1)A(n~1))' (2.2a)

The time evolution of the spectral parameter is now
A=B(D)+y(DA+H(A=4)8(A, 1). (2.2b)

In contrast to {1.8), in (2.2a) A(n, 1) and B(n, 1) do not satisfy the boundary conditions
(1.2) and thus, taking into account (2.1), we are allowed to add to (1.7) 8{t) and v{(1)A
and to (1.8) the terms B(¢)(}) and y(£)(%5)) [2]. As we assume the boundary conditions
(1.2) to be no longer valid we can introduce some reference potentials g,(n}, g.(n)

such that
A(n, t)y=a(n, 1)+ g,(n) (2.3a)
B(n, r)=b(n, 1)+ gx(n} (2.34)

where a{n), b(n) now satisfy conditions {1.2). The choice (2.3) is not compylsory: at
the end of this section we shall show through an example how one can introduce other



1732 D Levi and O Ragnisco

reference potentials. Our aim is to define g,(n) and g,(n) in such a way that we are
still able to construct a hierarchy of nonlinear differential difference equations out of
it. Such a requirement restricts the number of admissible choices for g,(n) and g.(n).
Taking into account the fact that {a(n), b(n)) must satisfy the boundary conditions
(1.2) and (g,(n)}, g-(n}) are t independent, we can write down (2.2a) as

(a(ﬂ)) 12 I)(cro(a!(n)Jrgn(n))(b(ﬂ)—b(nﬂF1))+

b(n) agla(n—~1)—a(n}))+ yb(n)+
Sola(m)+gi(n)(b(n+1)(2n+3)—b(n)(2n-1)) ) (2.4)
8o(BX(n)+2b(n)g(n)—4+2(n+1a(n)—2(n—1)a(n—1)) '

where oy, By, Yo, o, are arbitrary constants, f (%, t} is an entire function of its first
argument and (g,(n), g.{n)) satisfy the equations

ao(gx(n) — g2(n+ 1) +2y0+ 8o(g2(n +1}(2n +3) — g2(n)(2n —1)} =0 (2.5q)
ao(gl(" - 1)‘3:("))"'1@0"‘ ?’ogz(")'*'ao(g%(")'*'z(""' 1)81(")
—2(n—-1)g(n—-1))=0 (2.5h)

for g,(n)# —1. If g,=—1 then also g.(n) is constant and the solution is trivial. By
comparing (2.2) and (2.4), we deduce that a(A, 1) = a,f(A, 1) while (1), y(t) and
8(A, t) are uniquely defined by the following identity:

S DB+ Aye+ (A7 —4)8.]= B(1) + Ay(1) + (A= 4)8(4, 1).

Equations (2.5), being first-order linear difference equations, can be easily solved, and
we get

1
[86(2Zn+1) — ao][8o(2n — 1) — axo]

x {ga(k)[8o(2k +1) — ap][ 85(2k — 1) — ]
—2yo{n—k)[Bo(n + k) — aol} (2.6a)

1
(2n8y— o) [2(n+1)8)— ap)

g:An)=

giln)=
x {gl(k)(Zkao‘ ao)[2(k+1}8,— ap]

2
-—(n—k)(ﬁ‘]:—(;)) [80(n+k)+60--a0]c2

1 1
><([2(1’1+1)60—cxo]z-h[z(,l‘;.+.1)50_a0]2)} (80#0) (2.6b)

where

4 =%{g2(k)[80(2k+ 1)~ ao][6o(2k—1) — o]+ 2v080k> — 2 ook +‘2‘Y§ (af— 5(2))}
0

and k an arbitrary integer number.
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Let us now analyse some simple choices of (aq, Bo, Yo, 80, £:(k), g:(k), k) which
gives interesting reference potentials:

(a) Yo=98y=k=g,(0)=g,(0)=0 ap= By 2.7)
gin)=n g2(n)=0
(b) Sa=k=g,(0)=g,(0)=0 ag=2v ag=—48, - o
(2.8)
gi(n)=4n’ g(n)=n
(c) ay=Bo=Y=k=0 g:(0)= -1 g.(0) = _}T
_ 1 1 2.9)
8i(m) = o1y &n)=aT

In correspondence with e¢ach one of these reference potentials we can construct a
hierarchy of nonlinear differential difference equations given by (2.4). As an example,
we shall write down the simplest ones, i.e. the Toda-like equations.

In case (a) we get

a,n)=ada(n)+n)(b(n)—b(n+1)) (2.10a)
b,(n)=aga(n—1)—a(n)}. (2.106)

Equation (2.10), defining a(n)=(n+1) X" *"" ¥ _y and thus x ()= a,b(n), can
be also written as

Xo(n)=ad[neXP D2 (g4 q) ex{m-x{ntlig g7, (2.11)
Equation (2.11) is associated with the spectral probiem

di{n—1,8 A}+b(n, t3p(n, t; )+ (aln, )+ n)p(n, t; A)=rgin, t; A)
where A evolves according to the equation

Alt)=ayt+ A, (2.12)

Ay being an arbitrary complex parameter.
In case (b) we get

a,(n)=ay(a(n)+n’)(b(n)=b(n+1)) {2.13a)
b‘,(n)=ao(a(n—l)—a(n))-l-%aob(n). (2.13b)
Defining a(n)=(in?+1)eX™ "V _1in? in such a way that y,(n)=ab(n),

expressions (2.13) yield

Xu(n)= a%{ [i(n =~ 17+ 1] X" 07X — (Gn? 4 1) gX (7D

1
+3n —i+_.—x;.(n)1- (2.14)
2oy J

The associated spectral problem reads
$(n =1, 6 A)+(b(n)+n)p(n, 6 M) +(a(n)+in®)p(n+1, 0y =rd(n, ;7)) (2.15)
with /\(t) :%-{-(/\0_%) eau.r,v‘z.



1734 D Levi and O Ragnisco

In case (¢) we have

a,(n)= ao(a(n)—m)[b(n+1)(2n+3)—b(n)(zn~1)] (2.150)
b.(n)= So(bz(n)+j:2(j)l —4+2(n+Da(n)-2(n—1)a(n - 1)) {2.15b)
which, defining
_ _; 2a+3)x(n+1)—(2n—1)x(r) 1
a(n) (1 4(2n+1)2) 4(2n+1)2

in such a way that x,(n)=38,b(n), can be cast in the form

(X))’ ( 1 ) ~Gon- ()
=62 R +2 +1 1- (2n+3)x(n+12—(2n I)X(ﬂ)+—'__
X.u(1) o[ 52 (n+1) a2n+1)/ ¢ 8y(4n*—1)

1

e
(4n?—1)2

Mz(n_ ) e(2n+1)x(n)-(ZH—J}x(n—!)]

(2.16)

1) (1 1
4(2n-1)°
The associated spectral problem reads

1 1
4n2_1) pin, 1; A)+(G(H)—m)
=Atr(m, £, A) (2.17)
with A(#) =2 coth(28,(r — 1)), t, being an arbitrary real constant.
Let us replace definition (2.2) by a new definition of the relation between the
reference potentials and the old potential, namely
Aln, t)y=a(n, tYg,(n) (2.18a)
B(n, t)=b(n, 1)+ g.(n) (2.18h)
where, as before, a(n, ) and b(n, t) satisfy the boundary conditions (1.2). For the sake

of simplicity, let us just derive the simplest equation of the class corresponding to this
new choice. It reads

(a(n)) _ (al[a(n)(b(n) —b(n+1))]

yin—1,1; t\)+(b(n)+ grin+1, 1, A)

b(n) ay[(a(n—-1)-1)g,(n—1)—(a(n}—1)g:(n)]
+6,a{n)(b(n+1)(2n+3)-b(n)2n—-1)})
+y1b(n)+8,{b*(n) +2b(n)g,(n)+2(n+1)(a(n) - 1)g,(n)

-—2(n—1)(a(n—1)-—1)gl(n——1)]). (2.19})

The corresponding equations for g,(n) and g,(n) are exactly equal to those presented
before (see formulae (2.4)), with as=a,, Bo=F8,—48,, Yo=v1, 8o=56,. Thus, for
example, in case (a) we get

Xu(n}=a[(n—1) X(r=V7x0 _y ex(m=x(n+) 4 q]

with a(n, t)=ex"™7X(n+L0. the corresponding spectral problem reads
win—=1,1: )+ b(n, y(n, t; ) +aln, Ond(n, i; A) =Aad{n, 13 A)
A(t)=a t+ A,.
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This specific example is not exceptional; indeed, one can show, in general, that the
nonlinear differential difference equations one gets starting from (2.19} are not essen-
tially different from the previous ones.

3. Darboux and Biicklund transformations for the discrete Schridinger

pectral nrnl_l!gm
To get the Darboux and Bicklund transformations for the spectral problem (1.1}, with
the boundary conditions (2.3), we apply the standard dressing method as introduced,
for discrete equations, by Bruschi et al [3]. For this purpose, it is appropnate to write
down the spectral problem in matrix form:

_ — —aXing) -
d(n—1,1 )\)-——()t &;ff)l/)agzx(fﬁ(") ® /OG(n 1))¢'(n,t A)
=U[x(n, 1), A1D(n, 1;}) (3.1)

where G(n) is such that
G(n}=(1+g,(n))G(n—1)
and ®(n, t; A) is given by
gn(n, 1, A) ¥on, 1, ) )
G(n) e ™ Ny (n+1, 5 1)  Gln) e X" (n+1, £; A}

in terms of two independent solutions ¢ {n, £; A) and ¢.(n, t; A) of (1.1) with A(n, 1)
and B(n, t) given by (2.3). The representation (3.1} of (1.1} is such that the cotrespond.-
ing Hilbert-Riemann problem has canonical normalization [4] and thus the ‘adding
one soliton’ Darboux 2(n, {; A) matrix takes the form

o(n, t; )L)==(

Dn,t )l)—IH- 9’( n,t) (3.2)

where A, &, are two compiex functions, satisfying the same differential equation as
A, corresponding to two fixed different initial conditions, I is the 2 x 2 identity matrix
and P(n, r) is a A-independent 2 X2 projection matrix, which can be written as
.’ o

lu(n, )Xw(n, 1)]

P = o, Olulm 1)

(3.3)

where
lu(n, )y =O(n, t; p)|uo)
(o(n, )| ={vg|® " (n, {; 1))

®(n, 1; A) being a fundamental solution of (3.1) and |u,}, |yo) two arbitrary constant
vectors. Taking into account that the matrix wavefunction ®(n, t; A), associated with

the ‘dressed’ potential x(n, ¢), is given by
Bin, 1; A)=D(n, 1; A)D(n, t; 1)
and the corresponding % matrix reads
U x(n, 1), A= D(n— 1,1 A} Ul x(n, 1), A1D7 (0, £; A)
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by direct calculation we can state the following ‘two-parameter’ Darboux theorem:
Given the discrete Schrodinger equation

wn=1, 50+ s gy -2 Yo 10

Q
+(14g(n)) X ¥ My (n+1, 1, A)=0 (3.4)

we can construct a new potential

vo _ _ pn; A)g(n; p1)
i = =tn (140, ) R S s) 69
and a new wavefunction
d(n; A)=yg(n; ,\)+ w(n 1)
x( ll’(";/\u)dl(n+1;)\)—¢(n+1;Al)tﬂ(n;)t) ) (36)
g(n; A (n+ 1w —ln+1; A)d(n; ) )

such that (3.4} is satisfied by the dressed potential ¥{n, t) and wavefunction g(n, t; A).
Thus, given a potential y(n, t) and a wavefunction (n, t; A} solving (3.4} the
Darboux transformation provides us with a new potential x(n, t) and new wavefunction
¥(n, 1; ), which again satisfy (3.4).
From the two-parameter Darboux transformation (3.5), (3.6), one can get a one-
parameter Darboux transformation by letting A, » w, = u. In such a case we have

J?(n)=x(ﬂ)—1n(1+ ALY ) 3.7
dr(n—1; W, (n p)—v (n—1; w)g(n; p)
J(n;r\)=¢(n;f\)+%w(n;u)
—u
( g(n; wp(n+1; A)—dln+1; p)i(n;, A) ) (3.8)
P W+ 1, w)— g, (n+1; w)gln, p)/ '

Let us stress that the Darboux transformation (3.7}, (3.8) depends only on one complex
time-dependent parameter u, and it does not correspond anymore to a Darboux matrix
of type {3.3). In fact in this limiting case the projection matrix becomes, in whole
generality, a nilpotent matrix. Consequently, we refer to (3.7), (3.8) asthe ‘new Darboux
transformation’ [5].

The corresponding Bicklund transformation can be obtained by eliminating the
wavefunction ¥(n, r; A) between (3.7) and the corresponding equation for ¥,(n). It
reads

{n) Sy e —H{n+1) y(n+1\\ /{ X'(n)

(ex U _eX e X e \\p.— " x(n)-— x(n)\

gz("}}{}—

+x,,(n)_g,_(l>)

2} ay

=4(1+ g,(n)) sinh*(x(n) = ¥(m)) e (X" e T2, (3.9)
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Equation (3.9) shows that the class of potentials y(n, t} such that
‘l}m x(n,t)=c¢ (3.10a)

Il%rrgnx‘,(n, =0 (3.106)

where ¢ is an n-independent real quantity, is preserved by the new Darboux transforma-
tion. This is not the case for the classical Darboux transformation. The corresponding

-0.2
i -0.6
-0.2
-1.0
_0.3»
: S A
..0[, f:o ) t=2
218
0 20 40 60 80 100 0 20 40 60 80 100
0
-1
-2
-3 t=5
0 20 0 60 80 100 0 20 40 60 80 100
0 0
0.2 -2t
- 0.44
] -4
-0.6 t=1 1 t=15
-6
0 0 & 60 B0 100 0 20 40 60 B0 100

Figure 1. Plot of the function x{(n, ) att =0, t=0.5,t=1,¢t=2,r=5and t =15 for u,=0
and ag=1.
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Bicklund transformation (see [6]) reads

Xe(n)=x.An) = a(1+g(n—1)) X" _ (1 +g)(n)) e¥Mx0mD] (3.11a)
X(n) = x.(n+1) = ag(ga(n+1) — ga(n) +XMT D7D _gxlmmitny (3.11b)
In fact, (3.11) preserve the asymptotic behaviour (3.10) only for g, g, n-independent.
A particularly interesting case is the inhomogeneous Toda lattice given by (2.11),
which corresponds to choosing g,{n) = n and g;(n)=0. In this case a solution of (3.4)

is given by :
x(n)=0 K (3.12)
n<{
(A/2YH) (2" *nY) n=0.
It is worthwhile noticing that (3.13) is time dependent, through A, and solves the whole
Lax pair associated with (2.11). The application of the new Darboux transformation

provide us with a non-trivial solution to the inhomogeneous Toda lattice (2.11}, given
by

win, t; A)={{;I (3.13)

1 1
~In{ 1+— >
1) “( 2n nRz(n)—u/2”2R(n)+%) =0 Ga8)
x\n, - —00 H=O .
0 n<0

where R(n)=[H,_,(x/2"*)/ H,(u/2"%)] and, according to (2.11b), we have:
u=agt+ pg (3.15)

where p, is an arbitrary real constant.

In figure 1 we have plotted the function y(n, ), given by (3.14), for different values
of the time ¢t in the special case u,=0, ay=1. By analysing (3.14} one can see that
the zeros of x(n, t) are just the n zeros of the Hermite polynomials H,(t/2"?) and
they are symmetric with respect to #=0. From figure 1 we observe that the ‘position’,
say i,, of the largest zero of y(n, 1), i.e. the furthest from the origin, is a monotonically
increasing function of n. Hence the larger ¢ is, the wider is the fraction of particles
which are excited. Eventually, in the limit t->c0, y{n, t} diverges for any » (all the
particles are excited). The opposite phenomenon occur as ¢ goes to zero.
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